, have attracted the attention of the media and economic actors. They represent both a valid form of payment and an alternative to governments-backed currencies. Among many cryptocurrencies in existence such as Litcoin, Ethereum, Ripple, Peer coin, Ripple, and Dogecoin, Bitcoin in particular has emerged and taken an increasingly prominent place in the cryptocurrency markets. As of May 31, 2016, the market capitalization of Bitcoin exceeds 7.00 billion US dollars, constituting more than 90% of the total cryptocurrency capitalisation (https://coinmarketcap.com).
While the literature on the legal aspect, regulation and role of Bitcoin in the payment system is growing (Brito et al., 2014; Trautman et al., 2016) , the finance and economics of Bitcoin remain understudied. Rogojanu and Badea (2014) compare Bitcoin to other alternative monetary systems, presenting its pros and cons. Selgin (2105) indicates that Bitcoin has quite similar characteristics to commodity money. Brandvold et al. (2015) and Bouoiyour et al. (2016) explore the contribution of Bitcoin exchanges to price discovery. Ciaian et al. (2016) focus on Bitcoin price formation and market forces of supply/demand in the cryptocurrency markets. Some studies refer to Bitcoin as digital gold (Rogojanu and Badea, 2014; Popper, 2015) . While others highlight the diversification benefits of adding Bitcoin to an equity portfolio (Eisl et al., 2015) . Dyhrberg (2015) examine the relation between Bitcoin and the UK currency and stock markets.
Independent whether Bitcoin is regarded as a form of payment, an alternative/digital form of a currency, or a financial asset and speculative investment (Yermack, 2013; , the literature on the finance of Bitcoin has to be extended in particular with regards to the analysis of persistence in the and investors can profit from any inefficiencies in the Bitcoin market to improve the risk-adjusted return (Gil-Alana et al., 2014) . Furthermore, the ability of forecasting Bitcoin volatility has important application for hedging (Efimova and Serletis, 2014) .
Lastly, the recent acceptance of Bitcoin as a commodity and financial product by the US Commodity Futures Trading Commission (CFTC) makes the volatility dynamic of Bitcoin to play a crucial role in any potential derivatives pricing and trading.
However, modelling price volatility and its persistence must account for nonlinearity and structural breaks especially with evidence of booms and busts in the Bitcoin market (Cheah and Fry, 2015) . Otherwise, if structural breaks such as the Bitcoin price crash of December 2013 have not been addressed properly, the power of the modelling will be very low and the inferences will be invalid (Harris and Sollis, 2005) .
The analyses are carried in several phases. First, we focused on the entire sample using parametric and semiparametric approaches. Overall, we found evidence of permanency of shocks and lack of mean reversion. Second, we argued that the presence of long memory can be spurious in the presence of structural breaks. Therefore, we identified several structural breaks in line with Bai and Perron's (2003) method and accordingly investigated the volatility of the subseries. We found evidence of long memory in Bitcoin price volatility. Finally, we focused on the volatility series by looking at the absolute and squared return data and find evidence of a long memory in most of the subseries.
The rest of the paper is divided into three sections. The data and empirical model are presented. They are followed by the empirical results. Finally, concluding remarks are given.
Data and methodology

Data
Unlike prior studies, this paper uses two daily series of Bitcoin prices covering two different time periods. The first data series is from Bitstamp, the largest Bitcoin exchange (Brandvold et al., 2015) , covering the period from August 19, 2011 to April 29, 2016 (1226 . The second data series is the Coindesk Price Index (Cheah and Fry, 2015) from July 18, 2010 to December 15, 2015 (1977 The statistical properties of the series are presented in Table A1 in the Appendix of the paper. Both series are found to be non-normal. We indicate the natural logarithms of the two series considered as LBITS and LCOIN as derived from Bitsmap and Coindesk respectively.
Methodology
The methodology used in the paper is based on the concept of fractional integration that basically assumes that the number of differences required to render a series to be stationary I(0) is a fractional value.
For the purpose of the present work we define an I(0) process as a covariance stationary process with a spectral density function that is positive and finite at all frequencies in the spectrum. Thus, it includes the white noise model but also all types of stationary Auto-Regressive Moving Average (ARMA) processes. Having said this, we say that a time series y t is integrated of order d (and denoted as x t ~ I(d)) if it can be represented as:
(1) with x t = 0 for t ≤ 0, and d > 0, where L is the lag-operator (
By allowing d to be fractional, we permit a much richer degree of flexibility in the dynamic specification of the series, not achieved when using the classical approaches based on integer differentiation, i.e., d = 0 and d = 1. Note that the left hand side of equation (1) can be expressed for all real d as:
Accordingly, if d is an integer value, x t will be a function of a finite number of past observations, while if d is non-integer, x t depends upon values of the time series far away in the past. Processes with d > 0 in (1) display the property of "long memory", characterised in this way because the spectral density function of the process is unbounded at its origin. These processes have been widely employed in recent years to describe the dynamics of many economic time series (see, for example, Diebold and Rudebusch, 1989; Sowell, 1992; Baillie, 1996; Gil-Alana and Robinson, 1997; GilAlana and Moreno, 2012; etc.) . In this paper we estimate d using both parametric and semiparametric methods.
From a parametric approach, we use the Whittle function in the frequency domain as proposed in Dahlhaus (1989) along with a Lagrange Multiplier (LM) test (Robinson, 1994 ) that also uses the Whittle function in the frequency domain. The main advantage of the latter approach is that it remains valid even in nonstationary contexts(d ≥ 0.5) and the limit distribution is standard normal and does not change with features of the regressors unlike what happens with other unit root testing methods (Schmidt and Phillips, 1992) . Additionally, we use a semiparametric method (Robinson, 1995) that is basically a "local" Whittle function in the frequency domain with the frequencies degenerating to zero.
Results
We separate in this section the results for the log-transformed data (and based therefore on the levels) from those based on the volatility proxied by using both the absolute and the squared return series.
Log-transformed prices
We start this section by estimating d using the parametric approach and considering the following model,
where y t is the observed series in natural logarithm, α and β are coefficients referring respectively to the intercept and a linear time trend; L is the lag-operator (Lx t = x t-1 ); d is the fractional differencing parameter, and u t is I(0) as defined above, and given the parametric nature of the method employed, we model first u t as a white noise process, and then using autocorrelation throughout the model of Bloomfield (1973) .
2 Table 1 displays the estimates of d for the three cases of i) no deterministic terms (α and β = 0 a priori), an intercept (α unknown and β = 0 a priori), and an intercept with a linear time trend (α and β unknown), and present the estimates of d along with the 95% confidence band of the non-rejection values of d using Robinson's (1994) parametric approach.
[Insert Tables 1 and 2 about here]
Focusing on the deterministic terms, it can be observed that the time trend is required in the two series for the uncorrelated (white noise) case, but only an intercept for the case of logarithmic Bitcoin price form Bitstamp (LBITS) with autocorrelated (Bloomfield) errors. Table 2 focuses on the selected models according to these deterministic terms and presents the estimated coefficients. We observe that the estimates of d are higher than 1 in most of the cases, Only for LBITS with white noise errors, d is found to be slightly below 1 (0.994), though the unit root null cannot be rejected. Therefore, strong evidence is found in favour of permanency of the shocks and lack of mean reversion.
[Insert Tables 3 and 4 [Insert Table 5 about here]
On the other hand, many authors argue that long memory can be a spurious phenomenon caused by the existence of structural breaks not taking into account (Diebold and Inoue, 2001; Granger and Hyung, 2004) . Because of this, we use Bai and Perron's (2003) methodology of detecting the potential presence of multiple structural breaks. In this regard, we regress the log-level of the two series under consideration on a constant and a trend to capture breaks in its mean and trend. Then we use the powerful UDmax and WDmax tests of 1 to M globally determined breaks proposed by Bai and Perron (2003) , with a proposed 15% trimming of end-points, maximum of 5 breaks, and allowing for error distributions to differ across the breaks. The results have been reported in Table 5 , which shows four breaks in case of the LBITS series and five for LCOIN, so we have five subsamples in LBITS and six in case of the LCOIN series.
[Insert Tables 6 -9 about here]
Tables 6 and 7 report the estimates of d using the parametric method for each subsample with white noise and autocorrelated errors respectively, while Tables 8 and 9 display the estimated coefficients for each case. We observe across these tables some cases of mean reversion here, particularly for LBITS in the first and fourth subsamples, and for LCOIN in the third one. However, under autocorrelated errors (Tables 7 and 9) , mean reversion only takes place for LCOIN during the last subsample.
Volatility series
As earlier mentioned, we approximate the volatility by using two standard measures, the absolute and the squared returns, and we conduct the same type of analysis as in Section 3.1 for the corresponding series. Absolute returns were employed among others by Ding et al. (1993) , Granger and Ding (1996) , Bollerslev and Wright (2000) , Gil-Alana [Insert Table 10 about here] 
Absolute return series
Focusing now on the same breaks as in the previous cases, the results for the two cases of uncorrelated and autocorrelated errors are displayed in Tables 11 and 12, and their corresponding estimates for the selected models are reported in Tables 13 and 14 .
[Insert Tables 11 -14 about here]
Starting with the case of uncorrelated errors, evidence of long memory is found here in all cases except for the first subsample in LBITS where the null of d = 0 cannot be rejected. The same evidence is obtained with autocorrelated (Bloomfield) disturbances, and long memory is found in all subsamples except for the first one with LBITS.
Squared return series
The results for the case of the squared returns are displayed across Tables 15 -18. Starting again with white noise errors, evidence of long memory is obtained in all cases except for the first subsamples in the case of the LBITS data. In these two cases we cannot reject the null of I(0) or short memory behaviour.
[Insert Tables 15 -18 about here]
Allowing for autocorrelated disturbances, we see in Table 18 that there are some more cases of short memory (i.e. d= 0). They are those corresponding to the first two subsamples in LBITS, and contrary to previous tables, to the second, the third and the sixth subsamples in LCOIN.
Conclusion and implications
Along with the rapid emergence of Bitcoin as a financial asset, there has been a growing interest among Bitcoin users, investors, and policy-makers in understanding the issue of persistence in Bitcoin prices, especially because the Bitcoin market exhibited periods of boom and bust coupled with extreme market volatility. Such a behaviour implies nonlinearity dynamics in the price of Bitcoin.
While limited studies have focused on the economics and finance of Bitcoin, no previous studies have examined whether or not the Bitcoin market is efficient. This paper addresses this literature gap and thus participates to the advancement of knowledge and debate on this newly emerged crypto-currency. In particular, it used two Bitcoin indices and employed long range dependence techniques based on fractional integration in order to focus on the persistence and volatility of Bitcoin accounting for non-linearity dynamics in the price of Bitcoin.
The empirical results are summarized as follows. First, we found strong evidence supporting the permanency of shocks and lack of mean reversion in the logtransformed prices in both using parametric and semi-semiparametric methods. Second, we identified at least four structural breaks in each of the data series, one of which corresponds to the price crash of December 2013, and accounted for their importance in describing the dynamics of the Bitcoin market. Specifically, we observed cases of mean reversion in some subsamples in both data series. Third, we used two standard measures of volatility, the absolute and the squared returns, and found evidence of long memory in almost all subsamples in the absolute returns series. While evidence of long memory was also reported in the squared return series, the results differed between the two volatility measures as evidence of short memory was more pronounced in the squared return series.
Our empirical findings imply the importance of accounting for the long memory property in an empirical analysis that consider the finance of Bitcoin such as optimal hedging estimation, risk portfolio management, and potential option valuation. The findings also offer market participants and analysts an interesting opportunity to get benefits from the inefficiencies in the Bitcoin market. As such, they can potentially improve the risk-adjusted performance of their portfolios by using long memory based frameworks. 
